The electronic band structure of iron pnictides exhibits four Dirac cones, which are due to crystal symmetry and orbital bonding orientation. This hallmark signature presents the pnictide family as an ideal candidate in the search for quasi-two-dimensional topological crystalline insulators. In this report, we explore interaction-induced topological phases which cannot be described by conventional local order parameters. Based on a model Hamiltonian our symmetry analysis shows that spontaneous novel topological phases may be realized in compounds with tetragonal crystal field symmetry, where the electrons occupy the two degenerate t 2g energy levels at low temperature. We identify two stable topological phases in the ground state, which emerge from spontaneous orbital current order. These currents are driven by electronic correlations caused by inter-orbital Coulomb interactions.
of strong SOC in 3D-TIs, moderate and plausible electronic interactions are sufficient for achieving 2D interaction-induced TCIs. We show that non-trivial topological phases can be induced by generating spontaneous orbital currents in a spinless low-energy two-orbital model with t 2g symmetry, which can lead to the anomalous orbital Hall (AOH) effect. Consequently, this effect offers an alternate path for the realization of the topological Mott insulator [18] . We note that the nature of these orbital currents is different from the loop or current flux phases that were employed to describe the pseudo-gap phase in the copper-oxide superconductors [17, [19] [20] [21] , which have different orbital degrees of freedom, crystal symmetries, and conduction band topology.
Based on our studies, one may construct two degenerate mean-field ground state configurations from the d xz and d yz orbitals, which respects the σ v spatial symmetry (see Supplementary Section I and II). The type I configuration [11, 12] , which is frequently discussed in the literature, is the d xz/yz orbital-locked orientation of the nearest neighbor (NN) chemical bond direction. On the other hand, the type II configuration is the d xz/yz orbital-locked orientation of the next-nearest neighbor (NNN) chemical bond direction. Indeed, as will become clearer later, it is the type II configuration that is responsible for the generation of spontaneous orbital currents in the meanfield ground state with topologically non-trivial phases.
Since transition-metal compounds with crystal-field splitting and tetragonal lattice distortion have the d xz and d yz orbitals occupy the double degenerate ground state of the split t 2g manifold, we begin our detailed study with a spinless two-orbital Hamiltonian model [3, 4, 24] , which successfully reproduced the electronic structure of the 122 iron pnictides in itinerant limit. Within mean-field theory of the correlated electron Hamiltonian, spontaneous orbital current order can be induced by inter-orbital Coulomb interaction. The orbital order gaps out the Dirac dispersion in the bulk bands and generates two edge bands with linear dispersion in one quarter of the Brillouin zone (BZ). This generates a one-dimensional (1D) version of two Dirac cones for spinless or spin polarized fermions. When further extending the model to the spinful Hamiltonian with spin degrees of freedom, we can discuss two uniquely distinguishable phases: In phase I, ↑ / ↓ spin has identical spin Chern number with the Chern number for occupied bands, C = |C ↑ + C ↓ | = 4, whereas in phase II, the ↑ / ↓ spin has opposite spin Chern number with the vanishing Chern number, C = C ↑ + C ↓ = 0. We observe that phase I and the spinless Hamiltonian are a direct realization of the Chern insulator, while phase II leads to the interaction-induced topological crystalline insulator (TCI) protected by mirror symmetry. Without the introduction of additional terms, the mean-field calculation shows that both states of phase I and II are degenerate. Introducing an on-site intra-orbital spin-exchange interaction lifts this degeneracy and phase II becomes eventually the ground state.
THE SPINLESS FERMION MODEL
We start with a two-orbital model Hamiltonian for spinless fermions to facilitate our symmetry analysis and discussion,Ĥ 
where I, J are site indices, α, β ∈ [1, 2] are orbital indices.
αβ IJ describe the inter-orbital current term as shown in Fig. 1(a) and their values are given in Table I of the SM. The first term with hopping parameter t αβ IJ is the kinetic term of spinless fermions in the lattice and µ is the chemical potential. The AOH effect is described by the complex hopping term between different orbitals for sites I and J with the spinless coupling constant λ AOH determined by spontaneously generated current through the inter-orbital Coulomb interaction. The on-site orbital energy difference λ 0 is responsible for the on-site orbital charge polarization, which can be induced by external electric field parallel to the lattice and the on-site complex hopping with coupling constant λ 1 describes the on-site inter-orbital coherence.
In the case of translational invariant crystal symmetry, the spinless Hamiltonian can be reduced to 2×2 matrix form in k-space, that is,Ĥ(k), with basis functions ψ k = (c kα , c kβ )
T (where T is the transpose operation). We derive the expressionĤ
and τ = (τ x , τ y , τ z ) are the Pauli matrices. The ancillary functions X, Y and Z are given in the SM. The diagonalization ofĤ(k) attains the eigenvalues E ± (k) = E 0 (k)±B(k), where B = | B|.
The corresponding eigenvectors are
We find that Dirac cones exist in the dispersion of the bulk material when all interaction-induced terms and orbital polarization are turned off (λ AOH = λ 0 = λ 1 = 0). Their positions are located at the k x and k y axes as determined by B(k) = 0, see Fig. 1(b) . In the following, we will focus on the situation with band topology inherited from Xτ x and Y τ y terms, which is responsible for the topological phases when spin degrees of freedom are included in next section. The Hamiltonian H(k) with finite X and Y , and vanishing Z still preserve four Dirac cones but the location of the cones are moved to each quarter of BZ,
). When we turn on the Zτ z term, these Dirac cones are gapped due to the σ v symmetry breaking.
TOPOLOGICAL PHASES
In Fig. 1b and 1c we show the dispersion of the electronic band structure of the noninteracting bulk material at half filling when λ AOH = λ 0 = λ 1 = 0. The Chern number of an occupied band can be calculated directly through the Berry curvature Ω n (k) of the HamiltonianĤ(k), which is defined as C n (λ AOH ; λ 0 ; λ 1 ) = 1 2π k∈BZ dk x dk y Ω n (k), with integer band index n, where the expression of Ω n (k) is defined in the SM. The first observation is that C n (λ AOH ; 0; 0) = ±2 for any real but nonzero λ AOH . The second observation is that the sign of C n depends on the sign of λ AOH , which determines the class of the Chern insulator, sign(
and the opposite orientation of the orbital currents in two bands. Since the topological phase with C n = ±2 is robust against weak perturbations by symmetry breaking terms, we show its stability region in the λ 0 -λ 1 phase diagram in Fig. 1d for moderately strong λ AOH = 1. Note that the TI phase is induced by interaction and therefore vanishes for λ AOH → 0. Following the orange line in the phase diagram, we monitor the evolution of the bulk band gap as it closes and reopens with increasing λ 0 , see Figs. 1e to 1g. This leads to a sequence of phase transitions from topological Chern insulator to metal (around λ 0 = 2.5) and on to trivial band insulator with C n = 0.
THE SPINFUL FERMION MODEL
In materials with magnetic interactions, we need to consider electrons as fermions with spin degrees of freedom. Therefore, we promote the spinless two-band orbital model to the spinful
Here the sign of the orbital current direction is denoted as
. A detailed analysis of the HamiltonianĤ s reveals the following stable topological phases:
For phase I, we find that the Chern number C = ±4 for occupied bands is twice that for the spinless case due to the twofold degeneracy of spins. Here degenerate spins share the same orbital current direction. For phase II, we find that the Chern number classification scheme is insufficient to capture the topological nontrivial insulator phase. To see whether phase II is protected by band topology, we plot the edge states of the slab geometry in Fig. 2a One may tend to claim that phase II is a conventional Z 2 quantum-spin Hall insulator, since the TR symmetry is respected by the mean-field Hamiltonian for phase II with C = 0. However, it cannot be reconciled with the fact that the number of pairs of degenerate edges states is even instead of odd, as is the case for quantum spin-Hall insulator. Consequently, we claim that phase II is a quasi-2D TCI protected by mirror reflection symmetries as indicated by the even mirror Chern number C M [28, 29] which is related to the spin Chern number of the occupied band with spin up/down C ↑,↓ and given by Notice that we only considered the imaginary part of the inter-orbital current order given by the λ σ AOH term, which is induced by the off-site Coulomb interaction. In general, one should include the real part too, however, since the real part of the term only causes a renormalization of hopping terms, it does not affect the band topologies of the phases and can be neglected in our discussion (for details see the SM). In addition, based on our model calculations, the phases I and II are degenerate within numerical accuracy if we consider only the off-site Coulomb interaction.
However, if an additional on-site intra-orbital spin-exchange term J is included the degeneracy between phases I and II is lifted and phase II assumes the lower energy (see Supplementary Section I).
MIRROR TOPOLOGICAL INVARIANT
The spinful mean-field Hamiltonian of phase II respects the TR symmetry. However, the number of Kramer's pairs at the edges is even instead of odd. Hence the number of Dirac cones is even, contrary to conventional TIs. This indicates that phase II is not adiabatically connected to the Z 2 symmetry of the quantum-spin Hall insulator, which is protected by the TR symmetry. We notice that the spinful HamiltonianĤ s of phase II satisfies the mirror symmetry
SM for a detailed symmetry analysis). The operator K performs the complex conjugation identical to the TR operation for spinless fermions. The generalized parity operator P swaps two orbitals, while −iσ y is responsible for the spin flip under the TR operation T. Because the mean-field
HamiltonianĤ s is invariant under the mirror symmetry M, we define two orthogonal subspaces of Bloch wave functions |u n (k) in the BZ, which differ in their properties under mirror reflection:
(1) the even parity subspace, spanned by |u n (k) , is equivalent to M |u n (k) up to a phase factor, and (2) the odd parity subspace, which is orthogonal to the former.
Analogous to the Z 2 symmetry in the Kane-Mele model of the quantum-spin Hall insulator [3] , we introduce a mirror-invariant Pfaffian to capture the Z 2 -like "even/odd parity" of the spinful
HamiltonianĤ s (k). Specifically, we define the mirror-invariant Pfaffian to measure the band topology of the quasi-2D TCI as
where |u m (k) , |u n (k) are two occupied orthogonal eigenstates of the HamiltonianĤ s (k). In the case of k points belonging to the "even parity" subspace, i.e., along the k x and k y axes, the commutation relation [M,Ĥ s (k)] = 0 holds. Therefore, the two eigenstates |u m (k) = M|u n (k) and |u n (k) are degenerate. As a result, the absolute value of the Pfaffian P(k), with k along the k x and k y axes is unity, |P(k)| = 1. On the other hand, k points in the "odd parity" subspace satisfy the anti-commutation relation {M,Ĥ s (k)} = 0. Here the mirror operation M|u n (k) turns occupied into unoccupied eigenstates, which are orthogonal eigenstates |u m (k) with vanishing Pfaffian P(k) = 0.
In Fig. 2d we show the calculated Pfaffian in the BZ of the TCI. We note four vortices, i.e., Dirac cones in the edge states, which are well separated by the "even parity" subspace along the k x and k y axes. An important question to address is how robust are these topological states. For that purpose, we examine the effects on the Paffian P(k) when an infinitesimally small mirror symmetry breaking interaction is adiabatically turned on. So let us introduce an on-site Rashba spin-orbit
The corresponding Rashba Hamiltonian, written in momentum space asĥ R (k) = λ R τ z ⊗ σ y , breaks the mirror symmetry because it does not commute with M in any where of the BZ, i.e., [M,Ĥ s (k) +ĥ R (k)] = 0. This symmetry breaking field will destroy the mirror topological phase even though the interactionĥ R (k) is infinitesimal. As we expect, the four vortices (Dirac cones) disappear for any nonzero Rashba spin-orbit interaction as shown in Fig. 2f . Consequently, an infinitesimal λ R destroys the degeneracy of edge states and the previously gapless (crossing) edge states become gapped, see Fig. 2c .
A completely different scenario occurs when the local inter-orbital coupling λ 1 τ y , which preserves the mirror symmetry but breaks TR symmetry, is turned on adiabatically. For this case, the Pfaffian is plotted in Fig. 2e . As the strength of λ 1 increases the positions of the pair of vortices in the upper half-plane of the BZ are modified and move toward the pair in the lower half-plane compared to the Rashba case in Fig. 2d . As we already mentioned before, this trend continues until the vortices disappear at a critical strength λ 1 ≈ 3 before entering the even parity subspace protected by the mirror symmetry. Indeed this corresponds to the boundary in the phase diagram in As described above, the Pfaffian P(k) is a good measure of the topological invariant, even when the Chern number vanishes. It correctly characterizes systems that have a non-trivial band topology due to the mirror symmetry M. Finally, we can define the mirror topological index by counting the number of vortex cores with the expression
where ∂S 4 is the boundary of one quarter of the BZ. From the detailed symmetry analysis of phase II in the SM, we know that the even parity subspace is along the contour C. Note that the contour C is not a single point, but rather a path which divides the BZ into four independent sections. Since in 2D systems the M operator connects (k x , k y ) to (±k x , ∓k y ), similar to the parity operation, and combined with the intrinsic symmetry of the Hamiltonian of phase II , namelyĤ s (k) =Ĥ s (−k), the minimal irreducible section becomes one quarter of the BZ. Hence, the odd (even) number of vortices inside a quarter of the BZ determines the nontrivial (trivial) topology of the edge states.
Near the completion of the manuscript, we noticed a different work on the realization of TCIs in a thin-film layers [28] , where the 3D mirror symmetry is respected along the film growth direction(mirror plane is perpendicular to the growth direction). In this scenario, the surface states of the film are gapped due to their hybridization with surface states on the opposite side of the sample, although the mirror parity of the wave function on the same surface is an invariant. This is different from our model, where there is no hybridization between surface states in the stacked version of the 2D layers we considered. The mirror symmetry in 2D model is equivalent to π rotational symmetry in 3D with respect to the mirror axes in our model. However, in our case the quasi-2D dispersions and Dirac cones are gapped due to the Coulomb interaction. Thus, the parity of the wave function of the spinful Hamiltonian of phase II on the same surface varies due to the oddness/evenness of the mirror symmetries.
CONCLUSIONS
In conclusion, we demonstrated a new path toward realizing non-trivial TCIs through electronic correlations of the Coulomb interaction in 3D compounds with quasi-2D band structure. Finally, we suggest possible candidates for the emergent TCI phases in materials with crystal field split t 2g orbitals that are described by a simple two-orbital effective Hamiltonian, which should be considered as an effective theory for the paramagnetic phase even at finite temperature with normalized parameters.
When the system is a Chern insulator, the anomalous orbital Hall effect with finite magnetic moments will occur due to orbital currents, yet without spin order. Based on this work, we suggest to look for TCIs in the iron-pnictide based nonmagnetic insulators with crystallographic 122 structure [26] , where the Fermi surface is close to half-filling. Due to the edges states, the material candidate should show electric conductivity even at low temperature even though the bulk is insulating.
We suggest to focus on pnictides showing paramagnetic and bad metallic conductivity. Based on the experimental evidence [27] , the Ni-based compound, BaNi 2 As 2 with very low supercon- the relevant degrees of freedom we are interested in. The d xy level will be higher in energy when the strain is stretched along the z axis and vice versa as shown in Fig. (3) .
MEAN-FIELD LATTICE HAMILTONIAN OF CORRELATED ELECTRON SYSTEM
In this section, we derive the mean-field form of the Coulomb interaction. The Hamiltonian of interest is
where the superscript s indicates that we include the spin degrees of freedom. In real-space the lattice Hamiltonian is given by
where The interaction part is captured by the terms H U and H J , which are the on-site intra-orbital
Hubbard interaction and Hund's coupling, as well as the term H V , which is the inter-orbital (α = β) Coulomb interaction between lattice sites I and J. Note that we also considered intraorbital offsite Coulomb interaction (α = β), but found no interesting topological phases. Thus, we will not further consider the intra-orbital interaction in the current work. By investigating H U and H V in the mean-field approximation, we can test whether there exist new and anomalous ground states due to the inter-orbital Coulomb interaction, although the incorporation of quantum fluctuations may change the details of such a phase diagram. For the on-site inter-orbital H U we write in standard mean-field approximation
On the other hand, we have at least two possibilities for the inter-orbital H V to decouple the fermionic operators within mean-field theory, namely
where
In this work, we simplify the Coulomb coupling and include only the nearest-neighbor (NN) interaction with V ij =V 1 . In the 2D-periodic calculation of the bulk material, the CDW term is not a stable ground state and only H AOH has a stable solution at a finite value of V 1 1.6, see Fig. 4 .
Unlike Bardeen-Cooper-Schrieffer (BCS) theory, where any non-zero pairing strength will lead to superconductivity, here a threshold has to be overcome to induce long-range orbital order. Naturally, this makes it more challenging to find materials with orbital-ordered ground states. We also checked numerically for magnetism and found that a Hubbard term with U = 3.2 and V 1 J does not induce long-range magnetic order in our simple, low-energy two-orbital model. For the rest of this work, we consider the region of the interaction V 1 −J phase diagram where no magnetic order emerges.
INTER-ORBITAL CURRENT ORDER OF THE FLUX PHASE
Here, let us define the mean-field inter-orbital current order parameter of the flux phase due to the anomalous orbital Hall term Note that the first term, δt, is always negative and homogeneous in real space. It will contribute to H 0 to its NN inter-orbital hopping term t 5 [4] . The second term, λ AOH , is the generator of the anomalous orbital Hall effect, which is of key interest in this work. Consequently, the term H AOH can be rewritten in a more compact form,
where σ = ↑/↓ = ±1 and the elements of the tensor IJ αβ are expressed in Table. I and the real part of H AOH has been absorbed into the NN inter-orbital hopping terms, t 5 → t 5 + δt. Figure 4(b) shows that the Fermi surface is shifted downward at the Γ and M points, due to the contribution of δt alone. Once the imaginary part λ AOH is included, the degeneracy of the bulk Dirac cone near the X point in the Brillouin zone (BZ) is lifted immediately, as shown by the opening of a gap in Fig. 4(c) . The gap increases with increasing value of λ AOH as further shown in Fig. 4(d) .
LIFTING OF GROUND STATE DEGENERACY WITH EXCHANGE INTERACTION
In the main text, we have shown that without introducing other terms, the ground state of H AOH leads to two degenerated phases, namely ↑ = ± ↓ . In order to discuss the possibility of lifting this degeneracy, we introduce a perturbation caused by considering one additional term of the Hund's coupling type to Eq. (5), as discussed by Sano [2] ,
Then we have the mean-field decoupled Hamiltonian H
where the mean-field order parameter λ J h is defined as λ J h = −J h c † I,α,σ c I,α,σ . Finally, if we insert Eq. (13) into the Hamiltonian H and manually assign a real value to λ J h , we can confirm that phase II with ↑ = − ↓ is the preferred ground state for any small λ J .
THE HAMILTONIAN IN MOMENTUM REPRESENTATION
In this section, we Fourier transform H s into k-space for the 1-Fe per unit cell with the mean-field calculated order parameter λ AOH and the manually added terms λ 0 and λ 1 . For pedagogical reasons, we focus first on the spin polarized Hamiltonian for the spin component σ,
T and c 1 /c 2 stand for annihilating electrons on d xz /d yz orbitals. In k-space the Hamiltonian is conveniently written aŝ
where B = (X, Y, Z) and τ is the vector of Pauli matrices spanning the orbital SU (2) space with In the 2 × 2 matrix notation we can write specificallŷ
Note that Eq. (16) has been used in the main text for the calculation of the Chern number.
We close this section by expanding the formulation of the spinless Hamiltonian to include spin degrees of freedom. The enlarged spin-orbital space becomes SU (2) × SU (2) or τ ⊗ σ. In such a notation, a Rashba spin-orbital coupling term enters on the off-diagonal entries of the 4×4 matrix,
Note that Eq. (17) has been used in the main text to calculate the mirror symmetry properties of the topological crystalline phase.
TWO TYPES OF ORBITAL ORDER LOCKED IN A LATTICE WITH C 4v SYMMETRY
As shown in Fig. 5 the lattice with C 4v symmetry allows two different types of orbital order.
The second type can generate Dirac cones along the Γ-X direction in the bulk dispersion. In what follows, we focus on the k-dependent inter-orbital hopping energies with C 4v symmetry,
where a 1,2 are orthogonal to each other and indicate the bond direction of the effective hopping term t. If we choose a 1 = (1, 0) and a 2 = (0, 1), then this corresponds to type-I order with C 4v symmetry. On the other hand, for a 1 = (1, 1) and a 2 = (−1, 1) it becomeŝ
which gives rise to the τ z term in the spinless Hamiltonian in Eq. (16) .
VORTICES AS GENERATORS OF THE BERRY FLUX AND CHERN NUMBERS
The anomalous orbital Hall effect of the spinless Hamiltonian with Chern number C = ±2
is the combined effect of functions X, Y and Z. The Chern number can be calculated directly through the area integration of the Berry curvature [10] Ω(k)
In viewing the symmetry of B, we know that the Dirac cones can be re-defined by taking any two components of (X, Y, Z). To be specific, let us consider the simplified spinless Hamiltonian in Eq. (15) with interaction renormalized coefficients,
HereẼ 0 can be regarded as a rigid energy shift and does not contribute to the calculation of the topological invariant. In the main text, four Dirac cones are generated in the bulk bands with renormalized hopping parameters t x,y,z = (1, 0, 1), where the band energy becomes E . Hence the spinless Hamiltonian has the total Chern number C = ±(4 × π)/2π = ±2.
SYMMETRY ANALYSIS OF THE TIME AND MIRROR INVARIANCE
In this section, we discuss the symmetry classification of phases I and II of the spinful Hamiltonian with spin degrees of freedom. A detailed account of the symmetry operators used in the main text is given. The spinful Hamiltonian in k-space of fermions is defined by 1↑ , c k,2↑ , c k,1↓ , c k,2↓ ) T . We re-writeĤ s as a direct tensor product of Pauli matrices in the combined orbital pseudo-spin and spin spaces,Ĥ 
which tells us that the TR symmetry is violated, because it reverses the orbital current direction from λ AOH → −λ AOH .
Parity or mirror invariance of spinlessĤ
In addition to the inversion symmetry, the spinless quasi-2D Hamiltonian is invariant under mirror reflections. The two mirror axes x and y obey the parity operation PĤ(k x , k y ) P −1 =Ĥ(±k x , ∓k y ),
respectively, with P = τ x K. This statement is universally true for our model Hamiltonians and applies also to phases I and II of the spinful Hamiltonian. Note that in 2D the parity operation is a mirror reflection, which flips the sign of only one coordinate, otherwise it would be a rotation.
Parity and mirror invariance of phase II of spinfulĤ s
The spinful Hamiltonian for fermions with spin degrees of freedom satisfies similar symmetry operations as before. However, now we need to pay attention to the fact that the mirror and TR operators flip the spin of the fermion and must be defined in the enlarged SU (2) ⊗ SU (2) space as M = τ x ⊗ (−iσ y ) and T =1 ⊗ (−iσ y K), where1 is the unity matrix in orbital space. Then, the generalized mirror symmetry M is equivalent to the parity symmetry P of the spinless fermion.
To summarize the key results of our symmetry analysis, our spinful model Hamiltonian of phase II is invariant under each of the TR-and mirror (parity) operations:
Even and odd parity subspaces of phase II of spinfulĤ s
For the spinful Hamiltonian, the Chern number is only meaningful for phase I. This can be seen from its non-zero Chern number C[Ĥ On the other side, phase II also has two distinguishable degenerated states, however, these two states cannot be distinguished by the Chern number, because C[Ĥ II s ] = 0. Thus, we need to further examine its symmetry properties to see whether it is topological or not. A very direct and useful check is to see whether the system has a Z 2 -like invariant index. This symmetry has been widely used in the search for 2D and 3D topological insulators, because there exist general methods to calculate the Z 2 topological invariant, especially when the Hamiltonian exhibits inversion symmetry. [6] [7] [8] [9] In phase II, the operator M commutes with the orbital-flux termĤ 
